We study the decompactification limit of M-theory superpotentials for N = 1 four dimensional supersymmetric gauge theories. These superpotentials can be interpreted as generated by toron configurations. The connection with the confinement picture in the maximal abelian gauge is discussed. † Lecture given by C. G. at the XXXIII Karpacz School: "Duality, Strings and Fields". February 1997.
Polyakov's compact electrodynamics in three dimensions [1] constitutes a pardigmatic model for electric confinement. In the late seventies, Callan, Dashen and Gross [2] were tryig to extend the peculiar features of this model, namely the Coulomb interaction between three dimensional instantons, to four dimensions. In order to achieve this goal, they suggested a confinement mechanism based on topologically charged objects, with a fractional charge, the merons [3] . Using M-theory compactifications on an SU(4) holonomy Calabi-Yau fourfold X, most of Polyakov's dynamics can be now derived. In particular, the instanton generated N = 2 superpotential in three dimensions [4] ,
with S 0 the classical instanton action, and φ D the dual photon field in three dimensions, can be derived using M-theory instantons [5] , defined by wrapping the M-theory 5-brane on a 6-cycle D of X, with holomorphic aritmetic genus χ(D) = 1. Provided the fourfold X is elliptically fibered,
and D is a vertical instanton [5] , i. e., π(D) ⊂ B, then its effect survives the four dimensional ǫ → 0 limit, where ǫ is the Kähler class of the elliptic fiber E, so that we can get, in the decompactification limit, instanton contributions to the N = 1 four dimensional superpotentials [6] .
A model for N = 1 supersymmetric Yang-Mills theory in four dimensions can be engineered using F-theory compactifications [6] on an elliptically fibered Calabi-Yau fourfold with SU(4) holonomy. Let C be a divisor in B satisfying
and such that the elliptic fiber E on C is singular, of ADE type in Kodaira's classification; a partially wrapped 7-brane on C will define an N = 1 ADE gauge theory in four dimensions. Vertical instantons contributing to this N = 1 four dimensinal ADE gauge theory can be interpreted, from the F-theory point of view, as associated to the 6-cycle D defined through the fibration of the singular elliptic fiber E on C or, in type II B language, as an euclidean 3-brane wrapping the 4-cycle C. In both approaches the result is vertical instantons of aritmetic genus χ = C 2 (G), with C 2 (G) the dual Coxeter number of the corresponding gauge group
1 . This is in fact the correct number for ordinary N = 1 1 In the case of the 6-cycle D, the contribution to χ comes from the Euler characteristic of the singular fiber, E. If we consider instead an euclidean 3-brane wraping the 4-cycle C, we obtain
for C the Enriques surface with h 1,0 = h 2,0 = 0.
supersymmetric four dimensional Yang-Mills instantons, that generate gluino condensates of the form
However, this vertical instantons of aritmetic genus different from one can not generate an N = 1 superpotential. As pointed out in [5] , a possible way these instantons can contribute to a superpotential is whenever strong infrared effects generate effective fractional instantons, that could be formally interpreted as a 5-brane wrapping
times the divisor D. In practice, we know that these fractional instantons should exist. In fact it is well known [8] that as a consequence of supersymmetric Ward identities the correlator (4) is independent of x i 's. These type of correlators are usually interpreted, in terms of cluster decomposition, as products of < λλ > condensates [9] . A non vanishing value for < λλ > can be generated by vertical instantons of holomorphic aritmetic genus equal one or, equivalently, from the four dimensional field theory point of view, by fractional instantons of topological number equal [10, 11, 12] . Indeed, we can define effective four dimensional Pontryagin number for a vertical instanton D of the ADE gauge theory as
In reference [10] we used 't Hooft's fractional instantons (torons, [13] ) to compute directly the < λλ > condensate. These configurations were defined for SU(N C ) gauge theories, using twisted boundary conditions [14] on a T 4 box of size L. Denoting by n i,j the twist in the (i, j) plane, the toron of Pontryagin number 4 , the toron configuration can be interpreted as a tunnelling between the states |m 3 = 1, k 3 > and |m 3 , k 3 + 1 >. In terms of the invariant states [14] |e, m >≡ 1 N
the toron amplitude for < λλ > in the L → ∞ limit is given by [10] < e, m 3 |λλ(x)|e,
where now e in (7) represents 't Hooft's electric flux in the 3-direction, and can take values e = 0, 1, . . . , N C − 1. Notice that the non vanishing toron amplitude for < λλ > requires to work on the background of a Z N C vortex of magnetic flux m 3 equal one. Moreover, the toron amplitude (7) produces the N C different vacua predicted by the tr(−1) F computation [17] , and relates the N C vacuum expectation values for < λλ > with the values of the electric flux e in the 3-direction. This electric flux can be created through the action of the Wilson loop operator A(C) [14] , with C a loop in the 3-direction.
As it was shown in [6] , the N C different vacuum expectation values for < λλ > can be obtained in the decompactifcation limit of an M-theory superpotential. In fact, the Coulomb branch of three dimensional N = 2 supersymmetric SU(N C ) Yang-Mills theory, which is a complex manifold of N C − 1 dimension, can be parametrized in terms of the "blow up" coordinates for the resolution of the A N C −1 singularity. Denoting E i the irreducible components (E i · E i = −2) of the A N C −1 singularity, vertical instantons D i , with χ(D i ) = 1, can be obtained by fibering E i over C, with C a divisor of B satisfying (3). The superpotential generated by these instantons is given by [6] 
with
we get, from (8),
with γ = exp
the scale of the theory. In the decompactification limit R → ∞ (γ = 1), we obtain a set of N C minima for (10), given by
with e = 0, . . . , N C − 1. These values correspond to the decompactification limit of Wilson loops in the internal direction, used to parametrize the Coulomb branch of the three dimensional N = 2 supersymmetric theory. It is important to stress that the Mtheory interpretation of the different minima in the four dimensional limit, in terms of Wilson loops, naturally comes into agreement with the toron computation (7) 3 . Thus it is natural to conjecture that the toron is the decompactification limit of M-theory instantons, with χ = 1, and that the superpotential (10) , in the γ = 1 limit, is generated by these configurations [16] .
A different approach for obtaining the superpotential (10) for SU(2) was presented in reference [18] . This approach uses the Atiyah-Hitchin hyperkähler manifold [19] for three dimensional N = 4 supersymmetric Yang-Mills theory. The derivation starts from the superpotential for the N = 2 Seiberg-Witten solution [20] , softly broken to N = 1,
The corresponding Atiyah-Hitchin manifold is recovered upon compactification on S 1 , through the definition
, in the three dimensional limit, as m → 0. This can be achieved using the following change of variables [18] : v = x − u, x = γx, y = γỹ, with γ = exp
the dynamically generated scale of the theory, after adequate renormalization. The superpotential (12) now becomes
which coincides with (10) forx ≡ exp(V i ). It should be noticed thatx = x in the γ = 1 limit, and that x, which in the four dimensional theory (F-theory) has no physical meaning, is possed in the three dimensional theory (M-theory) with the meaning of a Wilson loop in the internal manifold.
At this point, we should try to compare the previous analysis with the original confinement discussion in [20] . In that case, one should start with four dimensional N = 2 supersymmetric theory, softly broken to N = 1 through the addition of a mass term, as in (12) . However, the superpotential is now defined for the massless monopole hypermultiplet [20] W
and the coresponding minima are interpreted as monopole condensates. A question inmediately arises: how should these monopole condensates be related to the interpretation of the minima of (10) (or (13)) as < λλ > condensates or, more generically, 't Hooft's flux e in the compactified direction? This question goes into a more general discussion concerning confinement. At present, perhaps the most popular approach to confinement is based on 't Hooft's abelian projection [21] , which reduces a non abelian gauge theory to a theory of monopoles and abelian gauge fields, with charged gluons. The condensation of monopoles reproduces a dual confining superconductor; this is in essence the picture we get for the softly broken N = 2 four dimensional pure gauge theory. At the massless monopole singular points of the quantum moduli of the N = 2 four dimensional theory we define, by blowing up this singularities, a "Higgs branch" parametrized by the vacuum expectation value of the monopole. After the soft breaking term is included, the superpotential (14) is generated with non vanishing vacuum expectation value for the monopole field if we assume non vanishing ∂u ∂a D [27] . When we approach the four dimensional N = 1 supersymmetric gauge theory from three dimensions, through decompactification, the role played by the monopole Higgs branch is now replaced by the Coulomb branch of the N = 2 three dimensional theory or, more explicitly, by the branch defined when blowing up the corresponding ADE Kodaira's singularity of the elliptically fibered Calabi-Yau fourfold used in the M-theory compactification. In this second approach, we use instanton generated superpotentials to find the vacuum structure of the four dimensional N = 1 theory. However, now these minima correspond not to vacuum expectation values of the monopole field, but to specific values of 't Hooft's electric flux in the internal direction that we are decompactifying.
It is natural to think that both approaches are equivalent or, at least, complementary. A natural guess would consist in interpreting the decompactification (ǫ → 0) limit of vertical instantons, with χ = 1, as candidates to four dimensional instantons in the maximal abelian gauge [22] . For an SU(2) gauge theory, the maximal abelian gauge is defined by minimization of the functional
If we now consider the SU(2) instanton in the singular gauge [2] ,
the value of G is given by G = 4π 2 ρ 2 [23] , for ρ the size of the instanton. Thus, the minima are obtained for zero size instantons, which are the natural objects we use in the M-theory approach to the superpotential. Now, and on the basis of the meron construction [3] , we can argue that this instantons, in the maximal abelian gauge, must be effectively interpreted as merons. In fact, the original meron solution is, up to a factor of two at the origin of the fractional topological charge, the instanton solution in the ρ = 0 limit 4 . In the M-theory approach a similar behaviour was found: the superpotential in the ǫ → 0 limit can only be generated by fractional topological charge. In summary, the picture we are getting is based in two interelated facts:
i) The F-theory (N = 1) limit forces us to interpret the limit of the M-theory (N = 2)
Coulomb branch should be interpreted as abelian projection gauge.
ii) The instantons in the abelian projection limit (G = 0) effectively become zero size fractional instantons. 4 Recall that the meron solution is given by
while the instanton in the regular gauge is given by
Concerning ii), we have argued on the basis of the meron construction; however, the nice features of the superpotential were derieved using torons. The field theory classical configuration we should use to model effects of fractional topological charge is still an open question; however, lattice computations [24] , as well as M-theory superpotentials, seem to indicate that fractional topological objects are crucial for the understanding of strong infrared effects Finally, we would like to discuss briefly on the effect of the addition of flavors. We will consider the SU(2) Atiyah-Hitchin manifold associated to the N f = 1 case. Following the procedure of reference [18] , we get the superpotential [16] 
In the three dimensional γ = 0 limit, the superpotential (17) can be generated by a 2-instanton, in agreement with Callias index theorem [26] . In the γ = 1 limit the minima for (17) coincide as expected with the 3 Z 3 singular points of the Coulomb branch of N = 2 SQCD with N f = 1 [27] . The superpotential (17) seems to indicate that bound states of 2-instantons in M-theory (i. e., a five brane wrapping twice a χ = 1 divisor) are stable. This could be checked using Sen's criteria [28] . Another question is the interpretation of (17) from the four dimensional point of view, so that one might wonder about the possibility to consider the first term in (17) as coming from a "2-toron" contribution. 5 The interplay between instantons and monopoles in the abelian projection has been considered in many places [25] . It seems that instantons in the maximal abelian gauge are associated with monopole loops []. Again, this fact should be related to fractional topological charge effects. The F µν field for instantons goes like 
